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We theoretically study the influence of impurity scattering on the electric and thermal transport
of borophane layer, a two-dimensional anisotropic Dirac semi-metal with two tilted and anisotropic
Dirac cones. In a systematic framework, we have calculated exactly the electrical conductivity and
thermoelectric coefficients of borophane in the presence of the short-range, long-range charged im-
purity and the short-range electro-magnetic (SREM) scatterers, by using the exact solution of the
Boltzmann transport equation within the linear-response theory. Contrary to the large electron-hole
asymmetry in borophane, its electron-hole conductivity is nearly symmetric. Interestingly, for the
short-range scatters, just like graphene, the short-range conductivities of borophane have the con-
stant values, independent of the chemical potential, while the conductivities of the SREM scatterers
are linearly dependent on the chemical potential. Regardless of the impurity type, the electric con-
ductivity of borophane is highly anisotropic, while the Seebeck coefficient and figure of merit (ZT )
are isotropic. Along with the ambipolar nature of the borophane thermopower, a very high value of
ZT around unity is obtained at room temperature, due to the large asymmetry between electrons
and holes in borophane. More importantly, borophane attains its maximum value of ZT at very low
chemical potentials, in the vicinity of the charge neutrality point. In comparison to phosphorene, a
highly unique anisotropic 2D material, borophane with a higher anisotropy ratio (σxx/σyy ∼ 10),
is an unprecedented anisotropic material. This high anisotropy ratio together with the large figure
of merit, suggest that borophane is promising for the thermoelectric applications and transport
switching in the Dirac transport channels.
I. INTRODUCTION
Over the past decades, boron, the left neighbor of car-
bon in the periodic table, has been expected to form
various boron nanostructures, such as zero-dimensional
all-boron fullerene-like cage cluster B40 [1–3], 1D boron
nanowires and nanotubes [4–7], double-ring tubular struc-
tures [8–10] and 3D superhard boron phases [11], at
the past decade. Among these mono-elemental structures
graphene-like 2D structure of boron, known as borophene
has attracted considerable attention both theoretically
and experimentally, due to its exceptional properties and
promising applications in nanoelectronics [12–15].
Theoretical investigations indicate that due to the elec-
trons in Fermi surface arising from the hybridized states
of the σ and pi bonds, 2D boron structure may be a pure
single-element intrinsic superconducting material with
the highest Tc (higher than the liquid hydrogen temper-
ature), on conditions without high pressure and external
strain which can be modified by strain and doping [16–
18].
Several types of borophene have been synthesized on
Ag(111) [3, 19–21]. A similar striped phase, named as β12
borophene, has an essentially flat structure that weakly
interacts with the Ag(111) substrate. In particular, the
existence of the Dirac cones with ultrahigh Fermi velocity,
in β12 borophene clearly proved using the angle-resolved
photoemission spectroscopy (ARPES) experiment as well
as by first-principles calculations [22].
This novel two-dimensional material was first proposed
by Boustani, who predicted that the quasi-planar 2D
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boron sheet could be constructed from a basic unit of
puckered B7 cluster by using the systematic ab initio
density functional method B7 cluster [23, 24]. The first
experimental evidence of the atomic-thin boron sheets
was performed by Piazza et al. in the planar B36 cluster
with a central hexagonal hole [25].
As proposed by Tang and Ismail-Beigi, the mixed
hexagonal-triangular 2D boron sheet (α-borophene) was
thought to be more stable than one composed only
of buckled triangular motifs [26–28]. Using the first-
principle particle-swarm optimization global algorithm,
Zeng’s group showed that another two flat monolayers as
α1-borophene and β1-borophene, are energetically most
stable 2D boron structures among the state-of-the-art 2D
structures of boron [29].
Recently, a new type of 2D boron Polymorph with
an orthorhombic 8-Pmmn symmetry group, has been
predicted to be more stable than the α-borophene,
that exhibits anisotropic tilted Dirac cones [30]. A first-
principles study reveals that borophene is the first known
materials with high-frequency plasmons in the visible
spectrum [31]. Furthermore, in this borophene poly-
morph the anisotropic plasmon modes remain undamped
for higher energies along the mirror symmetry direction,
in which the anisotropic Friedel oscillation behaves like
r−3 in the large-r limit [32].
However, theoretical calculations show that due to the
imaginary frequencies in its phononic dispersion, the Free-
standing 2D borophene (B8) is unstable against long-
wavelength periodic vibrations [33, 34], needing a sub-
strate to be stabilized. A feasible and effective method to
dynamically stable borophene, is the chemical functional-
ization using surface hydrogenation. First-principles cal-
culations of Xu et al. show that the fully hydrogena-
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2tion of borophene, called borophane (B2H2), is a viable
method to stabilize borophene in the vacuum without a
substrate [33]. It has also been predicted in this work
that borophane has a remarkable Fermi velocity which is
nearly four times higher than that of graphene.
An et al. using first-principles density functional the-
ory plus the non-equilibrium Green’s function approach,
demonstrated that borophane displays a huge electrical
and mechanical anisotropy. Along the valley-parallel di-
rection (armchair), the 2D borophane exhibits a metal-
lic treatment with a linear current-voltage curve, in con-
trast to the perpendicular buckled direction (zigzag),
that shows off a semiconductor behavior [35].
Similar to hydrogenated graphene, borophene is capa-
ble of forming various two-dimensional allotropes due to
its valency. Only one case has been reported in literature
as far as our knowledge, the chair-like borophane, named
C-boropane. It is intriguing to know, whether there are
other metastable allotropes with novel electronic charac-
teristics?
Very recently, in a comprehensive study [36], the
likely formation of borophane with a focused on the
structural stability of borophane allotropes, has been
provided, based on the first principles calculations.
The crystal structure of seven allotropes of borophane,
namely Plane-Square-type borophane (PS-borophane),
Plane-Triangle-type borophane (PT-borophane), Chair-
like borophane (C-borophane), Boat-like borophane (B-
borophane), Twist-Chair-Boat-type borophane (TCB-
borophane), Triangle-type borophane (T-borophane) and
Washboard-like borophane (W-borophane), were identi-
fied in this paper [36]. The results show that the charge
transfer from B atoms to H atoms is crucial for stabil-
ity of an borophane allotrope. W-borophane, the most
stable allotrope of the hydrogenated borophene, has en-
ergy about 113.41 meV per atom, lower than that of C-
borophane [37].
Thermoelectric materials, based on a fundamental
interplay between their electronic and thermal perfor-
mance, have attracted much interest for energy efficient
device applications [38–48]. The efficiency of the refriger-
ation or power generation devices is characterized by a
dimensionless figure of merit ZT = σS
2
K T , in which σ,K
and S are electrical conductivity, thermal conductivity
and Seebeck coefficient (thermopower), respectively and
T is absolute temperature. The small thermal conductiv-
ity and relatively high thermopower and electrical con-
ductivity are required for high-efficiency thermoelectric
materials. Even if the Seebeck coefficient becomes large,
a heat current inevitably accompanies a temperature gra-
dient and thus makes a tradeoff.
Therefore, a great deal of efforts has been carried out
to improve the thermoelectric performance through bal-
ancing these interdependent thermoelectric parameters.
There are completely different routes to improve the ther-
moelectric figure of merit, which are tailoring to improve
the power factor (σS2) and lowering the thermal conduc-
tivity.
A hallmark of the thermoelectric materials study came
actually from the pioneering work [49], proposing that
nanostructuring materials may enhance thermoelectric
efficiency, due to the sharp-peaked electronic density of
states (DOS) in low-dimensional materials [49, 50]. The
Seebeck coefficient, which depends on logarithmic deriva-
tive of DOS, is significantly enhanced in 2D materials and
hence, the thermoelectric efficiency increases [51]. This
seminal work of the thermoelectric materials could be an
important starting point for today’s achievements. Due
to the decreased thermal conductivity caused by phonon
boundary scattering and consequently, improved figure
of merit on quantum confinements in low dimensional
systems, ZT values become dramatically larger than the
corresponding bulk materials.
Using energy filtering proposal, the Seebeck coefficient
increases by introducing a strongly energy-dependent
scattering mechanism [51–54]. Other useful methods are
also used for enhancing thermoelectric performance. The
use of band structure engineering [55, 56] in conjunction
with nanostructuring, to lower the thermal conductiv-
ity, could further enhance figure of merit of thermoelec-
tric materials. It is known that quantum confinement of
carriers in bulk samples, containing nanostructured con-
stituents [57], quantum-well super-lattices [49], as well
as quantum-wires [58], will enhance thermoelectric effi-
ciency in order to promote the more widespread use of
thermoelectric materials.
According to a comprehensive review on the thermo-
electric materials [59], among the well-known thermoelec-
tric materials, PbTe is distinguished as a very promis-
ing compound for power generation at intermediate-
temperature range (500-900 K), successfully served in
several NASA space missions [60]. At near room tem-
peratures (300–500 K), appropriate thermoelectric can-
didates are (Bi, Sb)2(Se,Te)3-based alloys and MgAgSb
alloys, while at high temperature (>900 K), half-Heusler
(HH) alloys, (Pr, La)3 Te4, SiGe, and Yb14 Mn Sb11,
are very promising candidates [59]. Another important
thermoelectric materials are doped narrow-gap semicon-
ductors [40–42], PbTe(1.5 nm)/Pb0.927Eu0.073Te(45 nm),
multiple quantum well [48, 49] and Bi2Te3 [39].
Recent advances in fabrication technologies have made
exploring two-dimensional materials possible for thermo-
electric applications [43–47].
As already pointed out, semi-metals with large
electron-hole asymmetry can be considered as an impor-
tant strategy for strong enhancement of the thermoelec-
tric coefficients [61]. Moreover, motivated by the great
interest in search of thermoelectric Dirac materials, the
knowledge of thermoelectric efficiency of borophane is
crucial for its application in potential thermal manage-
ment devices. However, to our best knowledge, answers
to these question is still lacking.
In this paper, with a view to investigate the effect of
various impurities on the thermoelectric performance of
borophane, a Dirac semi-metals with a large electron-hole
asymmetry, we perform a systematic study on the electri-
3cal and thermal transport in borophane, by means of the
Boltzmann transport equation. We first propose an accu-
rate low-energy model Hamiltonian for borophane, then,
the electronic contribution to the thermoelectric trans-
port of the monolayer borophane is investigated. We con-
sider a monolayer borophane in diffusive transport regime
in the x–y plane, driven by a lattice temperature gradient
~∇T and an electric field ~E . The generalized Boltzmann
transport equation is applied to obtain the conductivity,
Seebeck coefficient and the figure of merit, by consider-
ing the various types of resistive scattering potentials, (1)
the short-range (SR) potential, (2) the long-range (LR)
Coulomb potential, with a Thomas- Fermi screening as
the source of scattering and (3) the impurities containing
short-range electric and ferromagnetically ordered mag-
netic potentials, called electro-magnetic (SREM) scatter-
ers. At low temperature elastic scattering becomes the
dominant mechanism as inelastic scattering is strongly
suppressed. In this work our focus is on elastic scatter-
ing and therefore, with good approximation, intervalley
scattering (interband processes) is neglected [62].
Our calculations show that although the electrical con-
ductivity of borophane is highly anisotropic, but the See-
beck coefficient and the corresponding figure of merit, ir-
respective of the underlying scattering mechanisms, are
isotropic. Interestingly, for the short-range scatters, just
like graphene, the short-range conductivities of boro-
phane have constant values (independent of the chemical
potential), that are σxx = 250 e2/h and σyy = 33 e2/h,
at T = 20 K, along the armchair and zigzag direction, re-
spectively. As a measure of thermoelectric efficiency, the
figure of merit, reaches to about 2.75 and 1, at T ∼ 20 K
and room temperature (T = 300 K), respectively. We also
investigate the effect of the magnetic scatters on thermo-
electric transport coefficients. The conductivities of the
SREM scatterers have a linear dependence on the doping
levels. These results propose that borophane could be a
promising material for the thermoelectric applications.
The paper is organized as follows. In Sec. II, at first the
model Hamiltonian and lattice structure of borophane is
introduced and then the method which is used to cal-
culate the conductivity and thermoelectric coefficients
using the generalized Boltzmann method, is explained.
In Sec. III, we present and describe our numerical re-
sults from the exact calculations for the conductivity and
thermoelectric coefficients for borophane. Finally, we con-
clude and summarize our main results in Sec. IV.
II. MODEL HAMILTONIAN OF BOROPHENE
In the following sections, we consider a monolayer of
borophane at low temperature. The Bravais lattice con-
stants of the conventional orthorhombic unit cell (con-
tains four atoms, as seen in Fig. 1 ) of the buckled crys-
tal structures of borophene and borophane, are a = 1.62
Å , b = 2.85Å and a = 1.92 Å , b = 2.81 Å , respec-
tively [25, 26, 33]. Notice that the buckling height of
h = 0.96 Å in borophene reduces to h = 0.81 Å, upon
hydrogen adsorption in borophane [63].
In combination with first-principles calculations and
starting from the simplified linear combination of atomic
orbitals approach , M. Nakhaee et al. have constructed a
tight-binding model in the two-centre approximation for
borophene and borophane [65]. The Slater and Koster
approach is applied to calculate the TB coefficients of
these two systems.
Our starting point is the low-energy continuum Hamil-
tonian for borophane [65], that describes an anisotropic
and tilted Dirac crossing along the Γ-X direction in
the rectangular Brillouin zone. In the vicinity of two
nonequivalent Dirac pointsKD = (±0.64, 0)Å−1 [32, 64–
67]
H = ~vxkxσx + ~vykyσy + ~vtkxσ0. (1)
Here, σx, σy are the Pauli matrices for the pseudospin
representing the lattice degree of freedom while σ0 is the
2 × 2 identity matrix. Typical values of the direction-
dependent velocities, in units of
(×105m/s), are vx =
19.58, vy = 6.32, and vt = −5.06. The corresponding en-
ergy dispersion of the Hamiltonian Eq. (1), is analytically
given by
Eτ (k) = ~vtkx + τ~
√
v2xk
2
x + v
2
yk
2
y, (2)
in which τ =1(-1) denotes the conduction (valence)
band in borophane dispersion. Isoenergy contour map
of the electronic band structure of borophane in the
k−space for E(~kF) = −0.5 to 0.5 eV, is shown in Fig.3(a).
Since several works on electronic properties of the 8-
Pmmn borophene and borophane are available, a proper
comparison with those results seems to be in order. Re-
cent investigations, based on an ab initio evolutionary
structure calculations [68], show that the Fermi veloc-
ity value of the Dirac fermions in borophene is vxF =
0.56 × 106m/s in the kx direction, while for the ky di-
rection it has two values of vyF = 0.46 × 106m/s and
1.16 × 106m/s. For borophane, in the kx direction, the
predicted Fermi velocities are vxF = 1.74 and 0.97, both
in units of (106m/s). These values of the Fermi velocity
are reported also in Ref. [30]. It is worthwhile to men-
tion that the predictive values of velocities vxF , v
y
F , were
evaluated via the slope of the bands in the kx and ky
directions, respectively by the formula vF = E(k)/~k.
In a comprehensive study, Feng et al. [22] based
on tight-binding analysis revealed that the Fermi veloc-
ities in borophene are approximately vxF = 6.1 eV and
vyF = 7.0 eV Å, which are close to the Fermi velocity of
graphene (vF = 6.6 eV Å). These values also confirmed
by angle-resolved photoemission spectroscopy and first-
principles calculations [22].
As previously mentioned, the first principle calcula-
tions show that the same pair of Dirac cones, is revealed
for β12/Ag(111) [22]. The calculated Fermi velocity for
4β12/Ag(111) is approximately vF = 3.5 eV Å, which is in
the same order of magnitude as the experimental value.
The difference between the theoretical and experimen-
tal values might originate from the many-body interac-
tions [22].
A cat’s-cradle-like topological semimetal phase which
looks like multiple hourglasslike band structures stag-
gered together, was discovered by Fan et al. [69]. An origi-
nal effective Hamiltonian based on k.p approximation was
extracted for monolayer borophene and borophane, the
first material class to realize such a semimetal phase, in-
cluding the SOC effects. In this work, with a comprehen-
sive investigation of topological properties [69], by fitting
the k.p model with the DFT results, the corresponding
Fermi velocities for Dirac fermions are evaluated to be
vxF = 8.0, v
y
F = 5.2, vt = 3.4, for monolayer borophene
and vxF = 13.9, v
y
F = 7.7, vt = 3.5, for monolayer boro-
phane, respectively, all in units of (105m/s).
Zabolotskiy et al. [64] have developed a tight-binding
model Hamiltonian for a 2D Dirac semimetal 8-Pmmn
borophene, evaluated in Ref. [30]. In this work, the Hamil-
tonian parameters were found from a fit to the DFT
data and the resulting electronic structure reproduces
the main features of the DFT band structure, including
the Dirac points at the Fermi level. Within their model
Hamiltonian, the velocities vx, vy, vt in vicinity to the K
point are given by the following expressions
vt = −∂
2P/∂ky∂E
∂2P/∂E2 ,
v2x = − ∂
2P/∂k2x
∂2P/∂E2 , v
2
y = v
2
t − ∂
2P/∂k2y
∂2P/∂E2 ; (3)
∂E
∂kx
= ±vx, ∂E∂ky = ±vy + vt. (4)
where P = P (E,k) is the characteristic polyno-
mial for energy E and momentum k, and E = E(k)
is the eigenvalue. The three velocities are given by
{vx, vy, vt}={0.86, 0.69, 0.32} ×106m/s [64].
Cheng et al. [81], developed an effective Hamiltonian
around the Dirac point, to a linear term of the wave vec-
tor, and obtained an analytical formula for prediction
of the intrinsic carrier mobility in 2D materials with
tilted Dirac cones and combine it with first-principles
calculations to determine the properties of semimetallic
borophene and borophane. Their predicted velocities in
8-Pmmn borophene are vxF = 7.85, and v
y
F = 5.34, and
for monolayer borophane, they are vxF = 13.48, v
y
F = 7.7,
along the x and y directions, respectively, and the tilting
velocities are vt = −3.45, and vt = −3.86 in 8-Pmmn
borophene and borophane, respectively. Note that the all
velocities are in units of (105m/s).
The contour lines are drawn at 0.05 eV intervals in
both electron (solid-navy) and hole-doped cases (dashed-
green).We demonstrate the band dispersion of borophane
(Eq.2) in Fig. 2, where we have compared our used
model Hamiltonian (Eq.1) with that calculations, based
on the density functional theory and non-equilibrium
Green’s function approaches [35], the so-called NEGF-
DFT method.
The corresponding eigenfunction for the Dirac elec-
trons is given by the following equation
ψτ (~k) =
1√
2A
[
τe−iβ~k
1
]
ei
~k·~r, (5)
where A is the system area and βk = tan−1 [vyky/vxkx].
Furthermore, By invoking the band energy dispersion
given by Eq. (2), the x and y components of the velocity
can be calculated as
vτx(k) = vt + τ
v2xkx√
v2xk
2
x + v
2
yk
2
2
(6)
vτy (k) = τ
v2yky√
v2xk
2
x + v
2
yk
2
2
(7)
The density of states (DOS) can be obtained by solving
the following equation
D(ε) =
1
(2pi)2
∫ ∞
0
k′ dk′δ(ε− ε~k′) (8)
Performing this integral over energy, one finds the fol-
lowing expansion for the density of states:
D(ε) =
kτ (ε, φ)
vt cos(φ) +
√
v2x cos
2(φ) + v2y sin
2(φ)
(9)
where φ = tan−1(ky/kx) and the wave vector kτ (ε, φ)
is given by
kτ (ε, φ) = ε
−2vt cos(φ) + τ
√
2
√
v2x + v
2
y + (v
2
x − v2y) cos(2φ)
v2x + v
2
y − v2t + (v2x − v2y − v2t ) cos(2φ)
(10)
Interestingly, similar to the low-energy DOS of
graphene, DOS of borophane has the well-known lin-
ear form, as shown in Fig.3(b). In this figure, also the
DOS of graphene (dashed-green) is plotted by setting
vx = vy = 1× 106m/s and vt = 0.
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Figure 1. (Color online) Schematic drawing of the optimized
ground-state structure of borophane lattice, with top (left
panel) and side view (right panel). The unit cell is marked
with a yellow rectangle, contains two boron (B) atoms and
two hydrogen (H) atoms and the basic vectors of the primi-
tive unit cell are indicated by the yellow arrows. The green
and white balls represent B and H atoms, respectively. The
buckling height is denoted by h.
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Figure 2. (Color online) The band structure of borophane in
the first Brillouin zone along the Γ − X direction. We have
compared our used model Hamiltonian (Eq.1) with the cal-
culations, based on the density functional theory and non-
equilibrium Green’s function approaches [35].
A. Anisotropic transport framework
In this section, we present our main formalism for the
numerical evaluation of the thermoelectric coefficients of
borophane, in the diffusive regime, using the generalized
semiclassical Boltzmann equation. In particular, we take
into account three important cases of short-range impu-
rities with Dirac delta potential (e.g., defects or neutral
adatoms), the long-range Coulomb impurities and finally
the electro-magnetic scatterers, containing short-range
electric and ferromagnetically ordered magnetic poten-
tials. Electrical conductance, thermal conductance, See-
beck coefficient, and thermoelectric figure of merit (ZT)
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Figure 3. (Color online) (a) Isoenergy contour map of the
electronic band structure of borophane in the k−space for
E(~kF) = −0.5 to 0.5 eV. The contour lines are drawn at 0.05
eV intervals in both the electron(solid-navy) and hole (dashed-
green) doped cases. (b) Density of states (DOS) calculated
for monolayer borophane (solid-navy) and graphene (dashed-
green).
of borophane in the presence of both the electric field and
the temperature gradient will be studied.
In order to calculate the transport coefficients, we use
the following expression for the charge current j and en-
ergy flux density jq[
j
jq
]
=
∫
d2k
(2pi)2
[ −e
ε(~k)− µ
]
v(~k)f(~k) (11)
where v(~k) = v(φ)(cos ξ, sin ξ) is the semiclassical veloc-
ity of the carriers, which is related to the energy disper-
sion ε~k through v = (1/~)∇~kε~k . f(~k), is the nonequi-
librium quantum distribution function, describes the evo-
lution of the charge distribution in the presence of ther-
moelectric forces, must be computed from the Boltzmann
equation. ξ is the angle of the velocity vector with respect
6to x axis. For this purpose, we take the Boltzmann equa-
tion up to a linear order in the presence of thermoelectric
forces
(
−e~E + ε− µ
T
~∇T
)
· ~v(~k) [−∂εf0(ε~k)] = (dfdt
)
coll.
(12)
where w(~k,~k′) is the scattering rate from state ~k to state
~k′ which needs to be specified according to the micro-
scopic origin of the scattering mechanisms and f0 is the
equilibrium distribution function.
The collision integral is given by(
df
dt
)
coll.
=
∫
d2k′
(2pi)2
w(~k,~k′)
[
f(~k, ~E , T )− f(~k′, ~E , T )
]
(13)
Using the relaxation time approximation, the nonequi-
librium distribution function cannot be exactly calcu-
lated and provides an inadequate explanation for the full
aspects of the anisotropic features of the transport prop-
erties.
In the next section, we have implemented an approach
for finding the exact solution to the linear-response
Boltzmann equation for two dimensional anisotropic sys-
tems [70–73]. Within the lowest order of the Born approx-
imation, the scattering rates w(~k,~k′), using the Fermi
golden rule are given by
w(~k,~k′) =
2pi
~
nimp
∣∣〈~k′|Vˆ |~k′〉∣∣2δ(ε~k − ε~k′) (14)
where nimp is the background random-charged impu-
rity density and Vˆ~k−~k′ is the Fourier transformation of
the interaction potential between an electron and a sin-
gle impurity.
The short-ranged impurities are approximated with a
zero-range hard-core potential Vˆ~k−~k′ = V0, while the long-
ranged electron-electron Coulomb potential, owing to the
charged impurities, is screened by other electrons of the
system, according to the Thomas-Fermi approximation.
By invoking the expression for f(θ, φ) into Eq. (11)
for the charge and heat currents, the response matrix,
which relates the resulting generalized currents to the
driving forces, can be expressed in terms of some kinetic
coefficients Lα as the following [73],(
j
jq
)
=
( L0 −L1/eT
L1/e −L2/e2T
)(
~E
−~∇T
)
(15)
in which the two diagonal terms in coefficients matrix
are the electrical σ and thermal K conductivities, and
the two off-diagonal elements are the mixed coefficients,
relating electrical and thermal phenomena through the
Onsager’s reciprocity relations. The thermoelectric power
(or Seebeck coefficient) S = − 1eT (L0)−1 · L1, describes
the voltage generation due to the temperature gradient
while Peltier coefficient Π = TS accounts for the heat
current induction due to the charge current, respectively.
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Figure 4. (Color online) The conductivity of monolayer boro-
phane as a function of the chemical potential µ, in the pres-
ence of long-range impurity potential along the x (σxx), and
y (σyy), directions. The conductivity of the graphene is also
shown.
The ability of a given material to efficiently produce ther-
moelectric power is related to its dimensionless figure of
merit. By parameterizing ~E and ~k, as ~E = E(cos θ, sin θ),
~k = k(cosφ, sinφ), respectively, all of the coefficients
obey the relation
Lα(θ, θ′) =
∫
dε
[−∂f0
∂ε
]
(ε− µ)ασ(ε; θ, θ′) (16)
in which, in the linear response theory, the generalized
conductivity σ(ε; θ, θ′) is defined as,
σ(ε; θ, θ′) = e2
∫
d2k
(2pi)2
δ
(
ε− ε(~k)
)
v2(φ)
[a(φ) cos θ + b(φ) sin θ] cos(θ − ξ(φ)) (17)
with θ = θ′ = 0 for σxx and θ = θ′ = pi/2 for σyy.
We focus here on low enough temperatures, where only
electrons contribute effectively in thermal transport and
disregard phonon contribution.
B. Electro-magnetic scatterers
In this section, we expand our theoretical analysis to a
scattering by magnetic impurities seated on the surface
of borophane. Magnetic scattering in dilute charged mag-
netic impurities, containing short-range electric and fer-
romagnetically ordered magnetic potentials, whose mag-
netic moments are along the i-th direction, is described
using the operator Vˆ = V0(α + σi) [74, 75], where
the dimensionless quantity α is the ratio of the elec-
tric and magnetic parts of the impurity potential for an
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Figure 5. (Color online) The electrical conductivity of boro-
phane along the x (σxx), and y (σyy), directions as a function
of chemical potential µ, in the presence of short-range electro-
magnetic scatterers for α = 0.5. The conductivity of graphene
is also shown.
electro-magnetic scatterer. Considering scattering off a δ-
scatterer potential of Vˆ , the matrix elements of Vˆ /V0 in
the basis (5) can be calculated as follows
|〈~k′|Vˆ /V x0 |~k〉
∣∣ = 1
2
[
α(1 + ei(βk′−βk)) + eiβk′ + e−iβk
]
,
|〈~k′|Vˆ /V y0 |~k〉
∣∣ = 1
2
[
α+ e−iβk(i+ αeiβk′ )− i cosβk′ + sinβk
]
,
|〈~k′|Vˆ /V z0 |~k〉
∣∣ = 1
2
[
(1 + α)ei(βk′−βk) + α− 1],
It is straightforward to show that the coefficients
a(φ), b(φ), corresponding to the electro-magnetic scatter-
ers, in the conductivity formula (Eq.17), are obtained as
a(φ) =
2
3piK
cosφ,
b(φ) =
2
piK
sinφ, (18)
where the prefactor K, can be obtained from the Fermi’s
golden rule as
K = w(φ, φ′)|〈~k′|Vˆ /V0|~k〉|−2 . (19)
in which
w(φ, φ′) =
1
(2pi)2
∫ ∞
0
k′ dk′w(~k,~k′), (20)
Finally from the calculated expressions of a(φ) and
b(φ) via Eq. 18 and using the Boltzmann Eq. 12, we ob-
tain the following form for the non-equilibrium distribu-
tion function;
f(φ, θ)=f0− evE(−∂f0) 2
piK
[
1
3
cos θ cosφ+ sin θ sinφ
]
.
(21)
The Anisotropic Magnetoresistance (AMR) effect is
the difference in electrical conductivities, depending on
whether the scatterer’s magnetic moments are parallel or
anti-parallel to the direction of the current, that is de-
fined as follows
AMR =
σxx − σyy
σxx + σyy
(22)
Interestingly, for each value of α, the AMR is constant
and is chemical potential independent for both n and
p doped borophane. For example for α = 0.5, AMR is
about 0.805.
III. NUMERICAL RESULTS AND DISCUSSION
In this section, our numerical results for the thermo-
electric transport in borophane are presented. It should
be noted that, except for Fig. 8 (that is related to the
room temperature figure of merit) we set T = 20K in all
calculated quantities. Using the semiclassical Boltzmann
approach, we investigate the electrical conductivity, See-
beck coefficient (S), and its corresponding figure of merit
ZT , considering the various types of resistive scattering
potential, such as (1) the short-range potential, (2) long-
range charge-charge Coulomb potential, with a Thomas-
Fermi screening as the source of scattering and (3) impuri-
ties containing short-range electric and ferromagnetically
ordered magnetic potentials, the electro-magnetic scatter-
ers. It is important to emphasize that this semiclassical
theory is valid only in a dilute impurity concentration
regime i.e. when the impurities concentration is much
smaller than the charge carriers concentration. Moreover,
to ensure that the diluteness criteria is satisfied, the im-
purities concentration nimp = 1010m−2 (corresponding to
the chemical potential of approximately µ ∼ 3×10−8 eV),
is considered.
It is worthwhile to mention that the other essential
criteria for utilizing the Boltzmann equation are as fol-
lows: Particles might interact via binary collisions, im-
purity density is low in terms of the charge carriers, ex-
ternal fields might have short-range frequencies and all
collisions are elastic and involve only uncorrelated parti-
cles. Here, we notice that using the lattice symmetry, the
orientations of the two principal lattice axes, which were
generally referred to as the armchair (x) and zigzag (y)
axes, are considered.
Due to the fact that the long-range charge-impurity
Coulomb interaction is mostly the dominant scatterers
in samples, here we consider the Coulomb interaction. To
this end, we use an interaction potential, as is commonly
8used for a 2D electron gas, given by the static Thomas-
Fermi (TF) screening type [76]
V~k−~k′ = 2pie
2/[(|~k − ~k′|+ qTF)], (23)
where q
TF
= 2pie2D(E)/ is the Thomas-Fermi screening
vector with the density of states of the system, D(E). We
assume that the scattering charge centers are at the SiO2-
borophane interface, thus we use the dielectric constant
of this common substrate which is about  = 2.45. Mean-
while, we note that we set T ∼ 20 K in all calculated
quantities.
In Fig. (4), the conductivity of borophane (in units of
e2/h) as a function of the chemical potential µ, is plotted
in the presence of LR potential, along the x (σxx), and
y (σyy), directions. The conductivity of graphene is also
shown. As can be seen, a significant orientation depen-
dent electrical conductivity is observed, where the con-
ductivity in the armchair direction σxx is more than the
zigzag conductivity σyy. On the other hand, contrary to
the electron-hole asymmetry in borophane, its electron-
hole conductivity is nearly symmetric. We should men-
tion that at very low temperatures the variation of ther-
mal conductivity will be similar to the charge conductiv-
ity K ≈ (pi2/3)kBTσ with the Boltzmann constant kB.
The electrical conductivity of borophane along the
zigzag (σyy), and armchair (σxx), directions versus the
chemical potential, in the presence of short-range electro-
magnetic scatterers is shown in the figure (5). In this
figure α = 0.5 and V~k−~k′ = V0 = 1000 eVÅ
2 [77]. The
conductivity of graphene is also shown. As can be seen,
the overall energy dependence is the same as LR impurity
scattering.
Importantly, the anisotropy ratio of the conductivities
(σxx/σyy), for both LR and SREM scatters has constant
values of 7.67 and 9.27, respectively that are independent
of chemical potential. We compare our numerical results
with those obtained for monolayer phosphorene [78], a
highly unique anisotropic 2D material, in the case that
d = 0, where d is the out-of-plane vertical distance be-
tween the charged impurity and monolayer phosphorene.
Obtained anisotropic ratio decreases with increasing dop-
ing level, varies from 7 to 1.5, depending on the values
of d and n, the electron (or hole) density. For uniformly
distributed impurities in the phosphorene, the anisotropy
ratios varies from 3.5 to 4. Meanwhile, our previous work
reveals that the anisotropy ratio of the phosphorene con-
ductivities changes from 3 to 7 for electrons, in the pres-
ence of SR and LR potentials, respectively [73], also re-
ported in Refs. [79, 80]. Thus, in comparison to phospho-
rene (with a maximum value of 7 for the anisotropy ratio
of conductivities ), borophane with a high anisotropy ra-
tio of about 10, is an unprecedented anisotropic material.
To the best of our knowledge, there is still no exper-
imental probe about the thermoelectric effects in boro-
phane for now. But there are some theoretical studies ex-
ploring the electrical and thermal conductivities of boro-
phane [63, 81, 82] . Our numerical calculations have been
faithfully confirmed by several research groups.
Based on the first-principles calculations, and accord-
ing to the I-V curves, J. Sun et al. [82] argued that the
electrical conductivity in the armchair direction is greater
than that of the zigzag direction (σxx > σyy). This direc-
tional dependency of the electric conductivity of boro-
phane also reported in Ref. [63]. Our findings is fully con-
sistent, both quantitatively and qualitatively, with those
obtained in Refs. [63, 82].
Let us here, compare our results for the short- range
and long-range scatterers in borophane with those in
graphene. In a comparative study of the conductivity of
graphene, in the tight-binding Landauer approach and on
the basis of the Boltzmann equation, it has been argued
by J. W. Klos, et al. [83] that in the case of short-range
scattering, the electrical conductivity of graphene is inde-
pendent of the chemical potential. It is worth to empha-
size that for the short-range scatters, just like graphene,
the short-range conductivities of borophane are the con-
stant values (independent of the chemical potential),that
are σxx = 250 e2/h and σyy = 33 e2/h, along the arm-
chair and zigzag direction, respectively at T ∼ 20 = K.
In the case of long-range conductivity, our finding also is
in a good agreement with the majority of experimental
findings [84].
As a more feasible quantity in the real experiments,
the variation of the Seebeck coefficients S, with chemical
potential µ, in the presence of LR and SREM potentials
is obtained, shown in Fig. (6). In convention, the sign
of the Seebeck coefficient is the sign of the potential of
the cold end with respect to the hot end of the temper-
ature gradient. Thus a negative charge thermopower is
obtained for when the Fermi energy lies in the conduc-
tion band because thermally activated electrons move
along the temperature gradient which results in a charge
accumulation gradient in the opposite direction due to
the negative charge, however, thermally activated holes
in the valence band lead to a positive thermopower. An
important feature of the borophane thermopower is its
isotropic behavior of three times lower in the SREM scat-
terers compared to the LR scatterers.
Moreover, the figure of merit ZT is depicted as a func-
tion of the chemical potential µ, for both LR and SREM
scatterers in Fig.7. Our findings reveal that, in contrast to
highly anisotropic electrical and thermal conductivities,
the Seebeck coefficient and its corresponding thermoelec-
tric figures of merit are completely isotropic, consistent
with the isotropic thermopower and figures of merit in
phosphorene, which has a highly anisotropic conductiv-
ity [73, 85, 86]. Interestingly, the figure of merit attains
its maximum value around the charge neutral point as
can be seen in Fig.7.
A. The phonon contribution to the intrinsic
resistivity and figure of merit
Subsequently, we look into the contributions of phonon
to the intrinsic resistivity of borophane. For a better un-
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Figure 6. (Color online) Seebeck coefficient of borophane as
a function of chemical potential µ, in the presence of short-
and long-range Coulomb potentials. Despite the type of the
impurity scatterers, the Seebeck coefficients are completely
isotropic for both directions.
- 0 . 1 0 - 0 . 0 5 0 . 0 0 0 . 0 5 0 . 1 0
0 . 0
0 . 5
1 . 0
1 . 5
2 . 0
2 . 5
3 . 0
µ[ e V ]
 Z T x x ,  L R Z T y y ,  L R Z T x x ,  S R E M Z T y y ,  S R E M
ZT
Figure 7. (Color online) The variation of corresponding figures
of merit as a function of chemical potential µ, in the presence
of long-range charge impurity and electro-magnetic scatterers.
Figures of merit are also nearly isotropic.
derstanding, we review the phonon-limited resistivity in
metals, graphene and borophene and other 2D materials.
According to the kinetic theory for semiconductors and
insulators, heat is mainly carried by phonons- the propa-
gating local distortions of the crystal [87].
In the metals at room temperature, the scattering of
electrons by phonons is typically the dominant source
of resistivity. At temperatures greater than the Debye
temperature θD, upon which all phonons are excited to
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Figure 8. (Color online) The variation of room temperature
figures of merit along the armchair and zigzag directions as a
function of chemical potential µ, in the presence of long-range
and short-range electro-magnetic impurity potential. The ef-
fect of both electron and phonon contribution in the thermal
conductivity (Ktot = Kel + Kph) is considered. Phonon con-
tribution of the thermal conductivity is ∼ 150 and ∼ 267
Wm−1K−1 along the armchair and zigzag directions, respec-
tively.
scatter carriers, the electrical resistivity is proportional to
temperature and for the temperatures below the Debye
temperature, the phonon modes begin to freeze out and
the resistivity drops much more rapidly whereas for a
three-dimensional metal is expected to drop as ρ(T ) ∝ T 5
and for a two-dimensional metal varies as ρ(T ) ∝ T 4, the
so-called Bloch-Grüneisen regime [88, 89].
For a semimetal with a small cylindrical Fermi sur-
face, at intermediate T , there is a temperature window
in which the resistivity varies purely as ρ(T ) ∝ T 2, arises
from the anisotropy of the Fermi-surface. As reported in
Ref. [90], only the electron/hole pocket at the center of
the Brillouin zone is mainly responsible for the intrin-
sic transport properties. Although the electron pockets
in borophane are ellipsoids, the same physics that yields
the unusual resistivity for a cylindrical Fermi surface also
applies to an ellipsoid [91].
Previous theoretical and experimental studies [92, 93],
show that the intrinsic electrical resistivity of graphene,
arising from electron-phonon interactions, is proportional
to ρ(T ) ∝ T 4 at low temperatures (reflecting the 2D
nature of the electrons and the acoustic phonons in
graphene), while varies linearly with T at high tempera-
tures ρ(T ) ∝ T , (a semiclassical behavior), that is inde-
pendent of doping. It is worth mentioning that, graphene
has a Debye temperature θD =2300 K, approximately
an order of magnitude higher than for typical metallic
materials. The Debye temperature of borophene have re-
ported as 863.86 K and 2000 K [94, 95], which is much
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higher than that of monolayer MoS2 (262.3 K) [96] and
black phosphorene (500 K) [97], but lower than that
of graphene. It is firmly believed that [90] for all the
2D boron allotropes, the Debye temperature is about
θD =1700 K which corresponds to the highest phonon
energy ∼1200 cm−1.
A quadratic dispersion acoustic branch is always
present on suspended few-layer systems, having a strong
impact on the calculated thermal conductivity of some
2D systems. The theoretical and experimental observa-
tions reveal that the thermal conductivity of 2D materials
is highly sensitive to the crystal structure in addition to
the physical factors including the atomic masses, width
dependence, edge chirality, roughness, hydrogen passiva-
tion etc, giving rise to a large gap between the theoreti-
cally obtained results and the experimental data.
To explore the thermal conductivity of infinitely large
2D crystals through the Peierls-Boltzmann transport
equation (PBTE), rigorously one needs to employ either
the iterative approach [98, 99] or a variational method
[100, 101]. Therefore, the study of thermal conductivity
of borophane has been limited to just numerical simula-
tions.
The small atomic mass of Boron atoms in borophene
causes a strong electron-phonon coupling. Different from
graphene, the absolute value of the phonon resistiv-
ity (ρe−ph) of borophene is highly sensitive to external
carrier densities, because an ultrahigh doping level in
graphene leads to a negligible variation in ρe−ph. Further-
more, the resistivity is highly dependent on the different
two-Dimensional boron Polymorphs and the ρe−ph of var-
ious polymorphs of borophene can be greatly varied by
carrier concentration. To our knowledge, experimental or
theoretical investigations on the phononic transport prop-
erties of borophene are still lacking.
It would be also worthwhile to mention that due to the
strong bonding in borophene and borophane, Debye tem-
perature in these systems has a high value about 2000
K [94, 95]. Therefore, the room temperature (300K)
can be considered as low with respect to high Debye
temperature in boron allotropes, and therefore, lattice
vibrations should be treated quantum-mechanically. As
a result, the phonon population is low at room temper-
ature, due to the high Debye temperature of borophane,
which suppresses the possibility of phonon-phonon inelas-
tic scattering events. Furthermore, as material or device
dimensions decrease, in particular, when the length scale
is comparable or smaller than the phonon mean free path,
the inelastic scattering will be further suppressed. Thus,
the thermal transport is quasi-ballistic or ballistic, which
cannot be explained by phonon diffusion theory.
Moreover, the study of these materials necessarily re-
quires the incorporation of quantum effects into thermal
transport analysis. Therefore, it is difficult to directly esti-
mate the behavior of the electrical conductivity and thus
ZT of borophane with temperature. The phonon contri-
bution of the thermal conductivity can only affect the fig-
ure of merit, and the Seebeck coefficient and power factor
S2σ is not altered by the presence of the phonons [73]. At
high temperatures, the phonon becomes important but it
only results in the overall decline of the figures of merit,
without affecting their qualitative behavior. Due to the
fact that the thermal conductivity is approximately in-
dependent of doping [73, 102], by using the room tem-
perature contribution of the phonons in the thermal con-
ductivity of borophane with (Kph ∼ 150 and ∼ 267 Wm
−1K−1 along the armchair and zigzag directions, respec-
tively [103]), we estimate the figure of merit of borophane
at room temperature.
In Fig. (8), the room temperature (T = 300 K) figure
of merit versus the chemical potential µ, is plotted in the
presence of LR and SRMG scatterers, along the zigzag
(ZT yy) and armchair (ZTxx) directions. Notice also that
the electronic contribution of the thermal conductivity is
obtained numerically from Eq. (16). It can be seen that
just like the low temperature figure of merit, the room
temperature figure of merit is completely isotropic. Com-
pared with graphene, a high value ZT of about 1 can be
achieved in a monolayer borophane at room temperature.
As already pointed out, semi-metals with large
electron-hole asymmetry can be considered as an im-
portant strategy for strong enhancement of the thermo-
electric coefficients [61]. Similarly, borophane as a semi-
metals with the large electron-hole asymmetry, attains
high value of ZT at room temperature (ZT ∼ 1).
IV. CONCLUSION
In conclusion, we have investigated the impact of
impurity scattering on charge carrier transport in an
anisotropic Dirac system, using the generalized Boltz-
mann approach. As a case study, we have investigated the
thermoelectric performance of borophane, a new mono-
layer Dirac semimetal with two tilted and anisotropic
Dirac cones, in the diffusive transport regime. At low tem-
perature elastic scattering becomes the dominant mech-
anism as inelastic scattering is strongly suppressed. In
this work our focus is on elastic scattering and there-
fore, with good approximation, intervalley scattering (in-
terband processes) is neglected. Electron scattering from
the various impurities located at the surface of a mono-
layer borophane, is different for massless fermions with
tilted Dirac cone. Finding the exact solution to the linear-
response Boltzmann equation, the electrical conductivity
and thermoelectric properties of borophane in the pres-
ence of the short-range, long-range charged impurity and
the short-range electro-magnetic scatterers were studied.
Contrary to the electron-hole asymmetry in borophane,
its electron-hole conductivity is nearly symmetric. Inter-
estingly, for the short-range scatters, just like graphene,
the short-range conductivities of borophane are the con-
stant values and does not depend on the chemical poten-
tial. The conductivities of the SREM scatterers have a
linear dependence on the doping levels.
We explained the effect of the chemical potential on
11
the thermoelectric properties of borophane. We demon-
strated that, regardless of the impurity type, the electric
conductivity of borophane was highly anisotropic, while
the Seebeck coefficient and figure of merit (ZT ) were
nearly isotropic. The anisotropy ratio of the conductiv-
ities (σxx/σyy) for both the long-range and short-range
magnetic impurities were constant values of around 7.67
and 9.27, respectively. Along with the ambipolar nature
of the borophane thermopower, it was found to have a
large thermoelectric figure of merit of about ZT = 2.75
and ZT = 1, at low temperature (T ∼ 20 K) and room
temperature, respectively, due to the large asymmetry
between electrons and holes in borophane. More impor-
tantly, borophane attained its maximum value of ZT
at very low chemical potentials, in the vicinity of the
charge neutrality point. In comparison to phosphorene (a
highly unique anisotropic 2D material) borophane with
a high anisotropy ratio of about 10, is an unprecedented
anisotropic material. This high anisotropy ratio together
with the large figure of merit, suggest that borophane is
promising for the thermoelectric applications and trans-
port switching in the Dirac transport channels. The re-
sults found are in good agreement with recent theoretical
and experimental data on borophane samples, and eluci-
date the role of the different phonon modes in limiting
electron mobility.
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